Let S be a closed oriented surface S of genus g ≥ 0 with m ≥ 0 marked points (punctures) and 3g − 3 + m ≥ 2. This is a survey of recent results on actions of the mapping class group of S which led to a geometric understanding of this group.
Introduction
Let S be a closed oriented surface of genus g ≥ 0 with m ≥ 0 marked points (punctures) and 3g − 3 + m ≥ 2. Such a surface is called non-exceptional. The mapping class group MCG(S) of S is the group of isotopy classes of orientation preserving homeomorphisms of S preserving the marked points.
Mapping class groups and their subgroups naturally appear in many branches of mathematics and have been extensively studied in the past from the point of view of group theory, topology and geometry. Similarities and differences to other families of groups, like irreducible lattices in semi-simple Lie groups of non-compact type, have been detected. In recent years, investigating the mapping class group through its action on various spaces related to the objects which give rise to it, namely the surfaces themselves, turned out to be particularly fruitful. The goal of this article is to survey some of these developments.
The perhaps simplest topological object defined on the surface S is a simple closed curve. Such a curve c is called essential if c is not contractible and not freely homotopic into a puncture. Mapping classes which are particularly easy to understand are Dehn twists about essential simple closed curves. They are defined as follows.
Let A = S 1 × [0, 1] and let T : A → A be the orientation preserving homeomorphism defined by T (θ, t) = (θ + 2πt, t).
The map T fixes ∂A pointwise. As a consequence, for every orientation preserving embedding φ : A → φ(A) ⊂ S with core curve φ(S 1 × { 1 2 }) freely homotopic to c, the map φ • T • φ −1 can be extended by the identity on S − φ(A) to an orientation preserving homeomorphism of S. Its isotopy class only depends on the free homotopy class of c. It is called a Dehn twist about c.
The mapping class group MCG(S) is finitely generated. If S does not have punctures (i.e. if m = 0) then there is a generating set consisting of Dehn twists about a suitable collection of 2g + 1 simple closed non-separating curves in S (see [13] for details and references).
There are other generating sets with fewer generators. Indeed, as was pointed out by Wajnryb [45] , the mapping class group of a closed surface can be generated by two elements. Korkmaz [32] showed that two torsion elements or one Dehn twist and one torsion element suffice.
Every finitely generated group G can be equipped with a distance function d which is invariant under the left action of G. Namely, let G be a finite symmetric generating set. Here symmetric means that G contains with every element g also its inverse g −1 . The word norm |g| of an element g ∈ G is the smallest length of a word in G which represents g. Then d(g, h) = |g −1 h| defines a distance function on G, a so-called word metric, which is invariant under the left action of G. Two such distance functions d, d defined by different symmetric generating sets are quasi-isometric.
Namely, for a number L ≥ 1, an L-quasi-isometric embedding of a metric space (X, d) into a metric space (Z, d ) is a map F : X → Z such that
for all x, y ∈ X. If for every z ∈ Z there is some x ∈ X such that d (F x, z) ≤ L then F is called an L-quasi-isometry. If d, d are two word metrics on a finitely generated group G then the identity (G, d) → (G, d ) is a quasi-isometry.
As a consequence, MCG(S) equipped with a word metric can be studied as a geometric space, uniquely determined up to quasi-isometry. The geometry of MCG(S) can then be related to its topology (for example its group homology or cohomology, perhaps with coefficients) and the structure of the spaces on which MCG(S) acts effectively.
The Action of the Mapping Class Group on the Curve Graph
Finitely generated groups can be divided into classes according to geometric types of the metric spaces on which they act in an interesting way as isometries. Simplicial trees are a class of metric spaces which reveal information about groups which act on them as simplicial automorphisms (or isometries). A group Γ is said to have property F A if every action of Γ without inversion on a simplicial tree has a fixed point [42] . A countable group Γ has property T if every affine isometric action of Γ on a real Hilbert space has a fixed point. Groups with property T are known to have property F A as well. Irreducible lattices in semi-simple Lie groups of non-compact type and higher rank have property T , and the same holds true for lattices in the rank-one simple Lie groups Sp(n, 1), F −20 4 . However, lattices Γ in the simple rank-one Lie groups SO(n, 1), SU (n, 1) are known to fulfill a strong negation of property T . Namely, they admit an isometric action on a real Hilbert space H which is proper in a metric sense: For every bounded set A ⊂ H there are only finitely many φ ∈ Γ with φA ∩ A = ∅. This property is called the Haagerup property.
The mapping class group of the space of tori is the group SL(2, Z) which has the Haagerup property. The mapping class group of the closed surface of genus 2 does not have property T . This can for example be deduced from a result of Korkmaz [31] who showed that for any n ≥ 1 the mapping class group of a surface S of genus g ≤ 2 with m ≥ 0 punctures and 3g − 3 + m ≥ 2 contains a subgroup Γ n of finite index which surjects onto the free group F n of rank n. As a consequence, Γ n admits an isometric action on a tree with unbounded orbits and hence Γ n does not have property T . Then same holds true for MCG(S).
For surfaces of higher genus, J. Andersen announced A simplicial tree equipped with any simplicial metric is a hyperbolic geodesic metric space in the sense of Gromov (see [9] ). The class of hyperbolic spaces is much larger than the class of trees. For example, there are many word hyperbolic groups, i.e. groups with hyperbolic word metric (or Cayley graphs), which have property T .
Mapping class groups admit isometric actions on Gromov hyperbolic spaces without bounded orbits. The best known example of such an action is an action on a space which is not locally compact and defined as follows.
The curve complex CC(S) of S is a finite dimensional simplicial complex whose vertices are the free homotopy classes of essential simple closed curves on S. A collection c 1 , . . . , c m of m ≥ 1 vertices spans a simplex if and only if the curves c i can be realized disjointly. The curve graph C(S) is the one-skeleton of the curve complex. It carries a canonical simplicial metric. Masur and Minsky showed [36] Theorem 2.2 (Masur-Minsky 99). The curve graph is a hyperbolic geodesic metric space.
The curve complex is not locally finite and hence not locally compact. The mapping class group admits a natural simplicial action on the curve complex. Even more is true. The following result is due to Ivanov [23] in most cases and was completed by Korkmaz [30] . For its formulation, define the extended mapping class group to be the group of all isotopy classes of homeomorphisms of S.
Theorem 2.3 (Ivanov 97).
If S is not a closed surface of genus 2 or a twice punctured torus or a six punctured sphere then the automorphism group of the curve complex CC(S) coincides with the extended mapping class group.
More recently, Bestvina and Feighn [5] constructed proper (i.e. locally compact complete) hyperbolic geodesic metric spaces which admit isometric actions of MCG(S) with unbounded orbits.
Individual mapping classes act on the curve graph in the following way. A mapping class is called reducible if it preserves a non-trivial multicurve, i.e. a collection of essential simple closed curves which span a simplex in CC(S). A Dehn twist is reducible. The subgroup of MCG(S) generated by a reducible element acts on the curve graph C(S) with bounded orbits. An element φ ∈ MCG(S) which is neither reducible nor of finite order is called pseudo-Anosov. A pseudo-Anosov element preserves a geodesic in the curve graph C(S) and acts on this geodesic as a nontrivial translation [37] , [6] .
The action of MCG(S) on C(S) can be used to construct non-trivial second bounded cohomology classes for subgroups of MCG(S) [4] , also with nontrivial coefficients [15] . Since the second bounded cohomology group of an irreducible lattice in a semi-simple Lie group of non-compact type and higher rank injects into its usual second cohomology group and hence is finite dimensional, one obtains the following result [4] which was first established with a different method by Farb and Masur [12] building in an essential way on the work of Kaimanovich and Masur [26] . This result can also be extended to cocycles and to irreducible lattices in arbitrary groups of higher rank [16] . Here a cocycle for a group Γ acting on a probability space (X, ν) by measure preserving transformations with values in a group Λ is a ν-measurable map α : Γ × X → Λ such that
for all g, h ∈ Γ and almost all x ∈ X. Two cocycles α, β are cohomologous if there is a measurable map χ : X → Λ such that
for all g ∈ Γ and almost all x. Theorem 2.5. Let n ≥ 2, let Γ < G 1 × · · · × G n = G be an irreducible lattice, let (X, ν) be a mildly mixing Γ-space and let α : Γ × X → MCG(S) be any cocycle. Then α is cohomologous to a cocycle α with values in a subgroup H = H 0 × H 1 of MCG(S) where H 0 is virtually abelian and where H 1 contains a finite normal subgroup K such that the projection of α into
Hyperbolic behavior of subgroups of the mapping class group is closely related to large-scale properties of their action on the curve graph. To this end, note that since C(S) is arc connected, there is a constant c > 0 such that for every vertex γ ∈ C(S) the orbit map φ → φγ (φ ∈ MCG(S)) is cLipschitz. However, this orbit map largely distorts distances. In fact, the orbit of an infinite cyclic subgroup of MCG(S) generated by a reducible element of infinite order is bounded.
On the other hand, if φ ∈ MCG(S) is pseudo-Anosov then for any vertex γ ∈ C(S) the orbit map k ∈ Z → φ k γ is a quasi-geodesic. Even more is true. Namely, let for the moment S be a closed surface. If G < MCG(S) is any subgroup then there is an exact sequence
The group H is an extension of the surface group π 1 (S). Vice versa, for every exact sequence of this form there is a natural homomorphism G → MCG(S). If G =< φ > is generated by a pseudo-Anosov element φ ∈ MCG(S) then the extension H is the fundamental group of a closed hyperbolic 3-manifold (this is the celebrated hyperbolization result for Haken manifolds of Thurston, see [43] for the foundational cornerstone of Thurston's work). This three-manifold is just the mapping torus of φ. In particular, H is a word hyperbolic group.
Farb and Mosher [14] defined a geometric generalization of such subgroups of MCG(S). The following definition is equivalent to the one given in [14] and was introduced in [24] , [19] . It also makes sense if S has punctures. Definition 2.6. A finitely generated subgroup G of MCG(S) is convex cocompact if and only if an orbit map g ∈ G → gγ ∈ C(S) (γ ∈ C(S)) is a quasi-isometric embedding.
One direction of the following equivalence is due to Farb and Mosher [14] , the second direction was established in [20] .
Proposition 2.7. Let S be a closed surface and let 0 → π 1 (S) → H → G → 0 be an exact sequence. Then the following are equivalent.
1. The kernel of the homomorphism G → MCG(S) is finite, and the image is convex cocompact.
2. H is word hyperbolic.
As indicated above, infinite cyclic groups generated by a single pseudoAnosov element are convex cocompact. Other examples can be obtained as follows.
Two pseudo-Anosov elements φ, ψ ∈ MCG(S) are independent if they are not contained in a common virtually cyclic subgroup of MCG(S). For such elements, it follows from a standard ping-pong argument for the action on the space of geodesic laminations that for sufficiently large k, > 0 the subgroup of MCG(S) generated by φ k , ψ is free [38] . Moreover, this group is convex cocompact provided that k, are sufficiently large (see [14] for a detailed discussion). As a consequence, free convex cocompact groups with an arbitrary number of generators exist.
However, up to now no convex cocompact surface group is known. In other words, there are no known examples of surface bundles over surfaces with word hyperbolic fundamental group.
Even more, there are no known examples of finitely generated subgroups of MCG(S) which only contain pseudo-Anosov elements and are not virtually free. This leads to the following question.
Question 5: Is a finitely generated purely pseudo-Anosov subgroup of MCG(S) convex cocompact and virtually free?
Recent results give some evidence in this direction. In [25] , Kent, Leininger and Schleimer investigate purely pseudo-Anosov subgroups of MCG(S) of a special form. To formulate their result, let S be a closed surface of genus g ≥ 2 and let S * be the surface S with one point deleted. There is an exact sequence
Here the homomorphism MCG(S * ) → MCG(S) is defined by the point closing map which deletes the marked point (puncture), and an element α ∈ π 1 (S) defines an element in MCG(S * ) by dragging the puncture along a representative of α. Kent, Leininger and Schleimer show Proposition 2.8 (Kent-Leininger-Schleimer). If G < π 1 (S) is finitely generated and defines a purely pseudo-Anosov subgroup of MCG(S * ) then G is convex cocompact.
The following is an extension by Dahmani and Fujiwara [10] to one-ended hyperbolic groups of a result of Bowditch [7] for surface groups.
Theorem 2.9 (Bowditch, Dahmani-Fujiwara). There are only finitely many conjugacy classes of purely pseudo-Anosov one-ended hyperbolic subgroups of MCG(S).
On the other hand, surface subgroups of MCG(S) do exist. Indeed, Leininger and Reid [33] showed Proposition 2.10 (Leininger-Reid 06). There are surface subgroups of MCG(S) which contain a single conjugacy class of a maximal abelian subgroup not consisting of pseudo-Anosov elements.
The Action of the Mapping Class Group on Teichmüller Space
Let T (S) be the Teichmüller space of all isometry classes of complete marked hyperbolic metrics on S of finite area. Here two hyperbolic metrics g, g define the same point in T (S) if there is a diffeomorphism ψ : S → S which is isotopic to the identity and such that ψ * g = g. Equivalently, T (S) is the set of all marked complex or conformal structures on S. Teichmüller space has the structure of a smooth manifold diffeomorphic to R 6g−6+2m . The mapping class group MCG(S) naturally acts on T (S) properly discontinuously. However, this action is neither free nor cocompact.
The Weil-Petersson metric on T (S) is a smooth MCG(S)-invariant Riemannian metric of negative sectional curvature. The metric is incomplete. Its completion can be described as follows. A surface with nodes is obtained from S by pinching one or several simple closed curves on S to a point. The Teichmüller space of a surface with nodes is defined. The completion of the Weil-Petersson metric is a CAT(0)-space which is the union of the Weil-Petersson spaces for surfaces with nodes. This completion is not locally compact.
An isometry φ of a CAT(0)-space X is called semi-simple if the dilation x → d(x, φ(x)) assumes a minimum on X. A semi-simple isometry is elliptic if it fixes a point in X. An isometry which is not semi-simple is called parabolic, and it is neutral parabolic if the infimum of the dilation vanishes.
The following observation can be found in [18] or [8] .
Proposition 3.1. The mapping class group acts on the WP-completion of T (S) by semi-simple isometries.
Each Dehn twist acts as an elliptic element. In particular, the action is not proper in a metric sense. In fact, Bridson showed [8] Proposition 3.2 (Bridson 09). If S is a closed surface of genus g ≥ 3 and if MCG(S) acts isometrically on a CAT(0)-space then each Dehn twist acts as an elliptic element or a neutral parabolic.
For a closed surface S of genus g ≥ 2 there is a natural isometric action of MCG(S) on a proper CAT(0)-space. Namely, an orientation preserving homeomorphism of S acts as an automorphism on the first homology group H 1 (S, Z) of S preserving the homology intersection form. Since the intersection form is non-degenerate and since H 1 (S, Z) = Z 2g , this action defines a representation of MCG(S) into the integral symplectic group Sp(2g, Z). The representation is surjective. Its kernel is called the Torelli group (see [13] ).
The group Sp(2g, Z) is a lattice in the isometry group Sp(2g, R) of a symmetric space of non-compact type. As a consequence, MCG(S) admits an isometric action on a CAT(0)-space which factors through the inclusion Sp(2g, Z) → Sp(2g, R). However, this action is far from effective. Indeed, the Torelli group is infinite. More precisely, it is a consequence of a result of Mess that for g = 2 the Torelli group is an infinitely generated free group. For g ≥ 3 the Torelli group is finitely generated, but it is not known whether it is finitely presented (see [13] ).
If S is a closed surface of genus g = 2 then there is a proper isometric action of MCG(S) by semi-simple isometries on a CAT(0)-space of dimension 18 [8] . By Proposition 3.2, such an action can not exist for g ≥ 3.
A Geometric Model for the Mapping Class Group
A geometric model for the mapping class group is a locally compact geodesic metric space on which MCG(S) acts properly and cocompactly. In this section we present such a geometric model and explain how it is used to gain information on MCG(S).
A train track on S is an embedded 1-complex τ ⊂ S whose edges (called branches) are smooth arcs with well-defined tangent vectors at the endpoints. At any vertex (called a switch) the incident edges are mutually tangent. Through each switch there is a path of class C 1 which is embedded in τ and contains the switch in its interior. In particular, the branches which are incident on a fixed switch are divided into "incoming" and "outgoing" branches according to their inward pointing tangent at the switch. Each closed curve component of τ has a unique bivalent switch, and all other switches are at least trivalent. The complementary regions of the train track have negative Euler characteristic, which means that they are different from discs with 0, 1 or 2 cusps at the boundary and different from annuli and once-punctured discs with no cusps at the boundary. A train track is called generic if every switch is at most 3-valent. Train tracks are identified if they are isotopic.
For a given complete hyperbolic metric of finite volume on the surface S, a geodesic lamination is a closed subset of S which can be foliated by simple geodesics. A geodesic lamination is minimal if every half-leaf is dense. A geodesic lamination is maximal if its complementary components are all ideal triangles or once punctured monogons. A geodesic lamination is complete if it is maximal and can be approximated in the Hausdorff topology for compact subsets of S by simple closed geodesics.
A geodesic lamination λ is carried by a train track τ if there is a map F : S → S of class C 1 which is homotopic to the identity and maps λ into τ so that the restriction of the differential dF of F to λ vanishes nowhere. A train track τ is called complete if it is generic and transversely recurrent (see [40] for details on this technical concept) and if it carries a complete geodesic lamination. Such a train track is necessarily maximal, i.e. its complementary components are all trigons and once punctured monogons.
A half-branch b of a generic train track τ is called large if every locally embedded path α : (− , ) → τ of class C 1 which passes through the switch on which b is incident intersects the interior of b. A half-branch which is not large is called small. A branch is large if each of its half-branches is large. If τ is a complete train track and if b is a large branch of τ then τ can be modified with a single right or left split at b to a maximal train track η as shown in the figure. If λ is a complete geodesic lamination carried by τ then there is a single choice of a right or left split at b so that the split track η carries λ and hence it is complete.
Let T T (S) be the locally finite directed graph whose vertices are the isotopy classes of complete train tracks on S and where two such train tracks τ, η are connected by a directed edge of length one if η can be obtained from τ by a single split. Then [16] Proposition 4.1. T T (S) is connected and MCG(S) acts on T T (S) properly and cocompactly.
As a consequence, T T (S) is a geometric model for MCG(S) which can be used to gain some understanding of MCG(S). For example, it allows to give a fairly explicit description of efficient paths connecting two points in MCG(S). To this end, let τ ∈ T T (S) be any vertex and let λ be a complete geodesic lamination carried by τ . As mentioned above, for every large branch b of τ there is a unique choice of a right or left split of τ at b so that the split track carries λ. Let E(τ, λ) be the complete subgraph of T T (S) whose vertices are the train tracks which can be obtained from τ by a directed edge path (also called a splitting sequence) and which carry λ. Call E(τ, λ) a cubical euclidean cone. These cubical euclidean cones can be equipped with their intrinsic path metric d E .
Proposition 4.2.
There is a number L > 1 such that for every vertex τ ∈ T T (S) and every complete geodesic lamination λ carried by τ the inclusion (E(τ, λ) , d E ) → T T (S) is an L-quasi-isometric embedding.
As an example of such a cubical euclidean cone, let P be a pants decomposition of S and let τ be a complete train track containing every pants curve c of P as an embedded subgraph consisting of two branches, one small branch (with two small half-branches) and one large branch. Then there is a train track which is obtained from τ by a single split at the large branch and which coincides up to isotopy with the image of τ by a positive (or negative) Dehn twist about c. As a consequence, there is a choice of a positive or negative Dehn twist about each pants curve of P such that the sub-semigroup A ⊂ MCG(S) which is generated by these Dehn twists has the following property. There is a finite complete geodesic lamination λ carried by τ (i.e. λ contains only finitely many leaves) which contains P as the union of minimal components such that the set of vertices of E(τ, λ) is precisely A(τ ). Now splitting sequences in a cone E(τ, λ) are geodesics for the intrinsic path metric d E and hence splitting sequences are uniform quasi-geodesics in T T (S). These quasi-geodesics can be used to obtain a fairly explicit understanding of the geometry of MCG(S). It turns out that on the large scale, MCG(S) resembles a group which acts properly and isometrically on a CAT(0)-space.
To this end, note that groups Γ which admit a proper cocompact isometric action on a Cat(0)-space X have particularly nice properties. Namely, since in a Cat(0)-space uniqueness of geodesics holds true, these geodesics coarsely define a bicombing of Γ. Such a bicombing consists of a collection of discrete paths ρ a,b (i.e. maps ρ a,b : [0, k] ∩ N → Γ) connecting any pair of points a, b ∈ Γ. Simply fix a basepoint x 0 ∈ X and choose a geodesic γ connecting ax 0 to bx 0 . Then there is a uniform quasi-geodesic (a i ) ⊂ Γ so that a 0 = a, a m = b and that a i x 0 is contained in a uniformly bounded neighborhood of γ. It is convenient to extend the combing paths ρ a,b to eventually constant paths defined on all natural numbers.
By the convexity property of CAT(0)-spaces, these paths have the following fellow traveller property. 
for all a, a , b, b ∈ Γ (where this estimate is meant to hold for the eventually constant extensions of the combing paths).
A group Γ is called semi-hyperbolic if it admits a bounded quasi-geodesic bicombing which is equivariant with respect to the left action of Γ. Examples of semi-hyperbolic groups are groups which admit proper cocompact isometric actions on a CAT(0)-space. Word hyperbolic groups are semi-hyperbolic as well. Semi-hyperbolicity passes on to subgroups of finite index and finite extensions.
The following properties can be found in [9] .
Theorem 4.4. Let Γ be a semi-hyperbolic group.
1. Γ is finite presented.
2. Γ has solvable word problem, with quadratic Dehn function.
3. The conjugacy problem in Γ can be solved in exponential time.
4. Every finitely generated abelian subgroup of Γ is quasi-isometrically embedded.
Every polycyclic subgroup of Γ is virtually abelian.
An automatic structure for Γ consists of a finite alphabet A, a (not necessarily injective) map π : A → Γ and a regular language L in A with the following properties.
1. The set π(A) generates Γ as a semi-group. A biautomatic structure for the group Γ is an automatic structure (A, L) with the following additional property. The alphabet A admits an inversion ι with π(ιa) = π(a) −1 for all a, and
Via concatenation, every word w in the alphabet
for all w ∈ L all x ∈ A, for any w ∈ L with π(w ) = π(xw) and all i. Thus a biautomatic structure of a group is a semi-hyperbolic structure which can be processed with a finite state automaton. Mosher [39] showed that MCG(S) admits an automatic structure. This was promoted in [17] to the following result.
Theorem 4.5. MCG(S) admits a biautomatic structure.
In particular, MCG(S) has the properties described in Theorem 4.4. However, each of these properties besides the time-bound for solving the conjugacy problem was known before.
The automaton realizing the biautomatic structure can be computed explicitly. In fact, the cardinality and the number of its states is uniformly exponential in the complexity of S.
Geometry and Rigidity of MCG(S)
The strongest possible geometric rigidity statement for a finitely generated group can be formulated as follows.
Definition 5.1. A finitely generated group Γ is quasi-isometrically rigid if for any group Γ which is quasi-isometric to Γ there is a finite index subgroup Γ 0 of Γ and a homomorphism ρ : Γ 0 → Γ with finite kernel and finite index image.
For arbitrary metric spaces, there is another related notion of rigidity. Namely, a metric space X is called quasi-isometrically rigid if every quasiisometry of X is at bounded distance from an isometry.
The following result is due to Eskin and Farb [11] and independently to Kleiner and Leeb [29] . A cocompact lattice Γ in a semi-simple Lie group G is quasi-isometric to G. As a consequence, any two such lattices are quasi-isometric. In contrast, Schwartz [41] showed Theorem 5.3 (Schwartz 95). Let Γ be a non-uniform lattice in a rank one simple Lie group which is not locally isomorphic to SL(2, R). If Λ is any group which is quasi-isometric to Γ then Λ is a finite extension of a non-uniform lattice Γ of G which is commensurable to Γ.
In other words, up to passing to a finite index subgroup, there is a homomorphism ρ : Λ → Γ with finite kernel and finite index image.
Most strategies for showing that a finitely generated group Γ (or an arbitrary metric space X) is quasi-isometrically rigid evolve about the construction of asymptotic geometric invariants for such a group. Gromov proposed to construct such invariants with a renormalization (or rescaling) process. The idea is to fix a basepoint x ∈ Γ and consider the sequence of pointed metric spaces (Γ, x, d/m) where d is any distance defined by a word metric and where m ∈ N. In the case that Γ = Z n is a free abelian group of rank n, it is easily seen that the pointed metric spaces (Z n , x, d/n) converge in the pointed Gromov Hausdorff topology to the space R n equipped with some norm. However, in general convergence can not be expected.
To force convergence, Gromov uses nonprincipal ultrafilters. A nonprincipal ultrafilter is a finitely additive probability measure ω on the natural numbers N such that ω(S) = 0 or 1 for every S ⊂ N and ω(S) = 0 for every finite subset S ⊂ N. Given a compact metric space X and a sequence (a i ) ⊂ X (i ∈ N), there is a unique element ω − lim a i ∈ X such that for every neighborhood U of ω − lim a i we have ω{i | a i ∈ U } = 1. In particular, given any bounded sequence (a i ) ⊂ R, ω − lim a i is a point selected by ω.
Let (X, d) be any metric space and let
Thend ω is a pseudodistance on X ∞ , and the quotient metric space X ω equipped with the projection d ω of the pseudodistanced ω is called the asymptotic cone of X with respect to the non-principal ultrafilter ω and with basepoint * defined by x 0 . The resulting pointed metric space (X ω , * ) does not depend on the choice of x 0 ∈ X, but it may depend on the choice of ω. The asymptotic cones of two quasi-isometric spaces are bilipschitz equivalent. If the isometry group of X acts cocompactly then an asymptotic cone of X admits a transitive group of isometries whose elements can be represented by sequences in Iso(X). The asymptotic cone of a CAT(0)-space is a CAT(0)-space.
A choice of a word norm for the mapping class group and of a non-principal ultrafilter on N determines an asymptotic cone of MCG(S). The homological dimension of this cone, i.e. the maximal number n ≥ 0 such that there are two open subsets V ⊂ U with H n (U, U − V ) = 0, is independent of the choices. The following is a version of a result of Behrstock and Minsky [1] , [20] . Each cubical euclidean cone E(τ, λ) ⊂ T T (S) is the one-skeleton of a Cat(0)-cubical complex, and it is of uniform polynomial growth. It turns out that the ω-asymptotic cones of these cubical euclidean cones are homeomorphic to cones in an euclidean space. Moreover, they embed with a uniform bilipschitz embedding into the ω-asymptotic cone of T T (S) which is bilipschitz equivalent to the asymptotic cone of MCG(S). As in the case of a symmetric space of higher rank, the asymptotic cones of the cubical euclidean cones and their mutual intersections define a (locally infinite) cell complex contained in T T (S) ω . Pants decompositions of S define a family of asymptotic subcones of the asymptotic cone T T (S) ω , one for each tuple of choices of a positive or negative Dehn twist about the pants curves. As a consequence, this cell complex contains a topological version of the curve complex as a subcomplex. Now the main observation is as follows. Any quasi-isometry of T T (S) (which is viewed as a geometric model for MCG(S)) defines a homeomorphism of the ω-asymptotic cone, and this homeomorphism induces a homeomorphism of the above cell complex. As a consequence, this homeomorphism induces an automorphism of the curve complex and hence coincides with the action of an element of MCG(S) by Ivanov's result (Theorem 2.3). This leads to the following result which can be found in [20] and [3] .
Theorem 5.5. The mapping class group is quasi-isometrically rigid.
A rigidity result in a different direction is due to Kida. Namely, call a countable group Γ measure equivalent to a countable group Λ if there are commuting actions of Λ, Γ on a standard Borel space preserving a locally finite measure such that both actions have a finite measure fundamental domain. Kida showed [28] Theorem 5.6 (Kida 06). If Γ is any group which is measure equivalent to MCG(S) then there is a finite index subgroup Γ of Γ and a homomorphism ρ : Γ → MCG(S) with finite kernel and finite index image.
Resemblance with Lattices
In a symmetric space Z of non-compact type without compact or euclidean factors, the Weyl chambers are totally geodesic euclidean cones of maximal dimension. The Furstenberg boundary of Z is the set of equivalence classes of Weyl chambers in Z where two such Weyl chambers are equivalent if their Hausdorff distance is finite. Let G be the isometry group of Z. Since the stabilizer in G of the boundary at infinity of a Weyl chamber in Z is a minimal parabolic (in particular an amenable) subgroup P of G, the Furstenberg boundary can G-equivariantly be identified with G/P . The space G/P is compact, and G acts transitively as a continuous group of transformations on G/P .
A lattice Γ in G acts continuously on X = G/P as a group of homeomorphisms. This action is topologically amenable, which means that the following holds true. Let P(Γ) be the convex space of all Borel probability measures on Γ; note that P(Γ) can be viewed as a subset of the unit ball in the space 1 (Γ) of summable functions on Γ and therefore it admits a natural norm . The group Γ acts on (P(Γ), ) isometrically by left translation. We require that there is a sequence of weak * -continuous maps ξ n : X → P(Γ) with the property that gξ n (x)−ξ n (gx) → 0 (n → ∞) uniformly on compact subsets of Γ×X. A countable group Γ is boundary amenable if it admits a topologically amenable action on a compact space.
By the work of Higson [22] , for any countable group Γ which is boundary amenable and for every separable Γ−C * -algebra A, the Baum-Connes assembly map µ : KK Γ * (EΓ, A) → KK(C, C * r (Γ, A)) is split injective. As a consequence, the strong Novikov conjecture holds for Γ and hence the Novikov higher signature conjecture holds as well.
In the train track complex T T (S), two cubical euclidean cones E(τ, λ), E(σ, ν) have bounded Hausdorff distance if λ = ν. Thus the space CL(S) of complete geodesic laminations equipped with the Hausdorff topology can be viewed as a space of equivalence classes of cubical euclidean cones where two cones are equivalent only if their Hausdorff distance is finite. However, there are cubical euclidean cones of finite Hausdorff distance which are defined by distinct complete geodesic laminations, for example by geodesic laminations which contain a common sublamination which fills up S. Then CL(S) is a compact MCG(S)-space. As for lattices in semi-simple Lie groups of non-compact type, for the mapping class group the following is satisfied [16] .
Theorem 6.1. The action of MCG(S) on the space CL(S) of complete geodesic laminations on S is topologically amenable.
As a consequence, the mapping class group is boundary amenable (which also follows from the work of Kida [27] ). Since boundary amenability is passed on to subgroups one obtains as a corollary Corollary 6.2. The Novikov higher order signature conjecture holds for any subgroup of the mapping class group of a non-exceptional surface of finite type.
More recently, Behrstock and Minsky [2] gave another proof of Corollary 6.2 which does not use boundary amenability.
The analogy of CL(S) with the Furstenberg boundary of a symmetric space goes further. Namely, the following Tits alternative due to McCarthy [38] provides a complete understanding of amenable subgroups of mapping class groups. As a consequence, amenable sugroups of MCG(S) are virtually abelian (i.e. they contain an abelian subgroup of finite index). This yields the following Corollary 6.4. Stabilizers of points in CL(S) are amenable, and every amenable subgroup of MCG(S) is commensurable to the stabilizer of a point in CL(S).
Theorem 6.1 implies that the action of the mapping class group on CL(S) is universally amenable. This means that it is amenable for every invariant Borel measure class. Such a measure class can be defined as follows.
A measured geodesic lamination is a geodesic lamination equipped with a tranverse translation invariant measure. The space ML(S) of all measured geodesic laminations can be equipped with the weak * -topology. With respect to this topology, ML(S) is homeomorphic to a cone over a sphere of dimension 6g − 7 + 2m.
A measured geodesic lamination is carried by a complete train track τ if its support is carried by τ . Each measured geodesic lamination carried by τ defines a non-negative weight function on the branches of τ which satisfies a system of linear equations, the so-called switch conditions. Vice versa, a non-negative non vanishing solution to the switch conditions defines a measured geodesic lamination carried by τ . The space ML(τ ) of nonnegative solutions of the switch conditions for τ is a convex cone in a linear space and hence it admits a natural measure in the Lebesgue measure class. If τ is obtained from τ by a single split then ML(τ ) ⊂ ML(τ ). Moreover, the carrying map transforming solutions of the switch conditions for τ to solutions of the switch conditions for τ is linear. In fact, it is contained in the special linear group and hence it preserves the Lebesgue measure. As a consequence, this Lebesgue measure does not depend on the train track used to define it. In other words, this construction defines a locally finite Borel measure (i.e. a Radon measure) on ML(S). Since MCG(S) acts naturally on both train tracks and measured geodesic laminations, this measure is MCG(S)-invariant and projects to a MCG(S)-invariant measure class on the projectivization PML(S) of ML(S).
The following result is due to Masur [35] and Veech [44] . For its formulation, a measured geodesic lamination λ is called uniquely ergodic if its support admits a unique transverse measure up to scale. A MCG(S)-invariant Radon measure µ on ML(S) is called ergodic if µ(A) = 0 or µ(ML(S) − A) = 0 for every MCG(S)-invariant Borel set A.
Theorem 6.5 (Masur, Veech) . The Lebesgue measure λ on ML(S) gives full mass to the measured geodesic laminations whose support is minimal and maximal and which are uniquely ergodic. Moreover, the action of MCG(S) on ML(S) is ergodic.
By Theorem 6.5, there is a MCG(S)-invariant Borel subset A of PML(S) of full measure (namely, the set of all uniquely ergodic projective measured geodesic laminations whose support is maximal and which are uniquely ergodic) which admits an equivariant homeomorphism (the map which associates to a measured geodesic lamination its support) onto an invariant Borel subset of CL(S). Via this map, the Lebesgue measure induces an invariant ergodic measure class on CL(S). By Theorem 6.1, the action of MCG(S) with respect to this measure class is amenable.
The isometry group P SL(2, R) of the hyperbolic plane H 2 acts simply transitively on the unit tangent bundle of H 2 . The quotient P SL(2, R)/P SL(2, Z) can naturally be identified with the unit tangent bundle of the modular surface H 2 /P SL(2, Z). The unipotent group of all upper triangular matrices with diagonal 1 acts from the left as the horocycle flow. There are two types of invariant ergodic Borel probability measures for this flow. The first kind is supported on a periodic orbit. There is also the Lebesgue measure. This is a complete classification of invariant ergodic probability measures.
The classification problem of invariant measures for the horocycle flow admits a second description. Namely, such measures correspond to invariant Radon measures (locally finite Borel measures) for the standard linear action of the group SL(2, Z) on R 2 . There are precisely two types of invariant ergodic Radon measures. The first type is supported on the orbit of a point whose coordinates are rationally dependent. Namely, such an orbit intersects any compact subset of R 2 in a finite set and hence the sum of the Dirac masses on the orbit points is an invariant Radon measure. There is also the Lebesgue measure.
The classification problem of SL(2, Z)-invariant Radon measures on R 2 has an analog for the mapping class group: the classification of MCG(S)-invariant Radon measures on the space ML(S) of measured geodesic laminations. Such measures correspond to finite Borel measures on the unit cotangent bundle of moduli space T (S)/MCG(S) which are invariant under "the stable foliation". Besides the Lebesgue measure and rational measures support on the orbit of a multi-curve, there are some additional types of invariant Radon measures. Namely, a proper bordered subsurface S 0 of S is a union of connected components of the space which we obtain from S by cutting S open along a collection of disjoint simple closed geodesics. Then S 0 is a surface with non-empty geodesic boundary and of negative Euler characteristic. If two boundary components of S 0 correspond to the same closed geodesic γ in S then we require that S − S 0 contains a connected component which is an annulus with core curve γ. Let ML(S 0 ) ⊂ ML(S) be the space of all measured geodesic laminations on S which are contained in the interior of S 0 . The space ML(S 0 ) can naturally be identified with the space of measured geodesic laminations on the surfaceŜ 0 of finite type which we obtain from S 0 by collapsing each boundary circle to a puncture. The stabilizer in MCG(S) of the subsurface S 0 is the direct product of the group of all elements which can be represented by diffeomorphisms leaving S 0 pointwise fixed and a group which is naturally isomorphic to a subgroup G of finite index of the mapping class group MCG(Ŝ 0 ) ofŜ 0 .
Let c be a weighted geodesic multi-curve on S which is disjoint from the interior of S 0 . Then for every ζ ∈ ML(S 0 ) the union c ∪ ζ is a measured geodesic lamination on S which we denote by c × ζ. Let µ(S 0 ) be an G < MCG(Ŝ 0 )-invariant Radon measure on ML(S 0 ) which is contained in the Lebesgue measure class. The measure µ(S 0 ) can be viewed as a Radon measure on ML(S) which gives full measure to the laminations of the form c × ζ (ζ ∈ ML(S 0 )) and which is invariant and ergodic under the stabilizer of c ∪ S 0 in MCG(S). The translates of this measure under the action of MCG(S) define an MCG(S)-invariant ergodic wandering measure on ML(S) which is called a standard subsurface measure. If the weighted geodesic multi-curve c contains the boundary of S 0 then the standard subsurface measure defined by µ(S 0 ) and c is a Radon measure on ML(S).
The following is shown in [17] and [34] .
Theorem 6.6.
1. An invariant ergodic non-wandering Radon measure for the action of MCG(S) on ML(S) coincides with the Lebesgue measure up to scale.
2. An invariant ergodic wandering Radon measure for the action of MCG(S) on ML(S) is either rational or a standard subsurface measure.
